The integrability conditions for the existence of a conformal Killing-Yano tensor of arbitrary order are worked out in all dimensions. As a consequence, the integrability conditions for the existence of a Killing-Yano tensor are also obtained. By means of such conditions, it is shown that in certain Einstein spaces one can use a conformal Killing-Yano tensor of order p to generate a Killing-Yano tensor of order (p − 1). Finally, it is proved that in maximally symmetric spaces the covariant derivative of a Killing-Yano tensor is a closed conformal KillingYano tensor and that every conformal Killing-Yano tensor is the sum of a Killing-Yano tensor and a closed conformal Killing-Yano tensor.
Introduction
The so-called hidden symmetries of curved manifolds, represented by Killing tensors and KillingYano tensors, have proved to be invaluable tools to the development of General Relativity, both from the Physical and Mathematical points of view. They yield conservation laws that enable the separability of differential equations, which, in turn, can lead to the integrability of equations of motion. For instance, the geodesic equation in 4-dimensional Kerr spacetime could be fully integrated thanks to the existence of a non-trivial Killing tensor of order two [1, 2] . Moreover, this Killing tensor have enabled the integration of Klein-Gordon and Dirac field equations in Kerr background [3, 4] as well as the separability of gravitational and electromagnetic perturbations [5] . Since such Killing tensor turns out to be the square of a Killing-Yano tensor of order two [6, 7] , we can say that these integrability properties are due to the existence of a Killing-Yano tensor in Kerr spacetime.
More recently, Killing-Yano tensors proved to be of great relevance in higher-dimensional spacetimes as well. Particularly, it was shown that the family of Kerr-NUT-(A)dS spacetimes [8] admits, in arbitrary dimension, a set of Killing-Yano tensors of various orders [9] . These Killing-Yano tensors were then used to integrate the geodesic equation [10] as well as the Klein-Gordon [11] and
General Aspects of Conformal Killing-Yano Tensors
In this section we shall define and quickly present the main properties of conformal Killing-Yano tensors, for more details the reader is refereed to Refs. [9, 24] . We will work in a Riemannian manifold (M, g) of dimension n, with the signature of the metric g being arbitrary. In what follows, ∇ a denotes the Levi-Civita connection. Square brackets around the tensorial indices means that the enclosed indices are anti-symmetrized, while round brackets denote symmetrization. With this notation, a totally skew-symmetric tensor Y of rank p is called a conformal Killing-Yano tensor of order p if it obeys to the following equation:
where h b 2 ···bp is some skew-symmetric tensor of rank p − 1. It turns out that the above equation is equivalent to the following one:
Contracting the latter equation with g ab 1 one can see that h is essentially the divergence of Y ,
The conformal Killing-Yano tensors can be used to construct conformal Killing tensors. Indeed, if Y and Y are both conformal Killing-Yano tensors of order p then
is a conformal Killing tensor of order two. Meaning that the symmetric tensor K obeys to the following equation:
In particular, we can take Y = Y in (4) and (5) . Therefore, we say that the square of conformal Killing-Yano tensor is a conformal Killing tensor of order two, but the converse generally is not true. The usefulness of conformal Killing tensors is that they lead to conserved scalars along null geodesics. Indeed, if l is a null affinely parameterized geodesic vector field,
then the scalar C = K bc l b l c is constant along the geodesic curves tangent to l:
Hence, because of (4) and (5), it follows that conformal Killing-Yano tensors are associated to conserved scalars along null geodesics. There are also special types of conformal Killing-Yano tensors that are associated to conservation laws along all geodesics, null and non-null, as it is shown below.
Killing-Yano Tensors
When the second term on the right hand side of Eq. (2) vanishes, h = 0, we say that Y is a Killing-Yano tensor [25] . Thus, a Killing-Yano tensor is just a conformal Killing-Yano tensor whose divergence is zero. Note that if A and A are both Killing-Yano tensors of order p then equations (4) and (5) guarantee that
is a Killing tensor, meaning that ∇ (a K bc) = 0. So, if t is an affinely parameterized geodesic vector field, t a ∇ a t b = 0, then the scalar C = K ab t a t b is conserved along the geodesic tangent to t. Note that t need not to be null. Moreover, the following skew-symmetric tensor is also conserved along the geodesic:
Indeed, using (2) with h = 0 we find
where the last equality follows because in the above equation the indices ab are anti-symmetrized and contracted with a symmetric tensor. Note that the conserved scalar C is just the square of this conserved tensor, C = P c 2 ···cp P c 2 ···cp . An extensive account about Killing-Yano tensors in 4-dimensional spacetimes can be found in [26, 27] .
Closed Conformal Killing-Yano Tensors
We say that Y is a closed conformal Killing-Yano tensor whenever the first term on the right hand side of equation (2) vanishes, ∇ [a Y b 1 b 2 ···bp] = 0. These tensors have two very special properties [9] : the Hodge dual of a closed conformal Killing-Yano tensor is a Killing-Yano tensor and, therefore, lead to conservation laws along any geodesic; the exterior product of two closed conformal KillingYano tensors is another closed conformal Killing-Yano tensor. More explicitly, if H and H are both closed conformal Killing-Yano tensors of order p and q respectively and ǫ a 1 a 2 ···an is the local volume-form of the manifold, then
is a closed conformal Killing-Yano tensor of order (p + q), and
is a Killing-Yano tensor of order n − p. Conversely, one can prove that the Hodge dual of a Killing-Yano tensor is a closed conformal Killing-Yano tensor. Closed conformal Killing-Yano tensors proved to be of great relevance in higher-dimensional General Relativity. Indeed, a closed conformal Killing-Yano tensor of order two is the central object for achieving integrability of Klein-Gordon, Dirac and geodesic equations in the family of Kerr-NUT-(A)dS spacetimes. In [9, 28] it is shown that these spacetimes admit a non-degenerate closed conformal Killing-Yano tensor such that the exterior products of this tensor with itself yield a tower of closed conformal Killing-Yano tensors. Then, by means of the Hodge dual operation, these tensors are used to construct Killing-Yano tensors, which, in turn, lead to a set of Killing tensors of order two. The latter objects provide conserved scalars along geodesics, which, eventually, lead to the separability and integrability of the mentioned differential equations.
Integrability Conditions
In the present section the integrability conditions for the existence of a conformal Killing-Yano tensor will be worked out. As we shall see, the curvature of the manifold must be constrained in order for Eq. (1) to admit a solution. Thus, analysing the integrability conditions one can obtain the possible algebraic types that the curvature must have in order for the space to possess a hidden symmetry. For example, in 4 dimensions a spacetime admits a non-trivial Killing-Yano tensor only if the Weyl tensor either is of Petrov type D or vanishes [7] . This fact draws our attention to the possibility of type D spacetimes being of relevance. Indeed, spacetimes of type D have proved to be quite special, since Einstein's vacuum equation can be completely integrated in this case [29] . Moreover, all known 4-dimensional black-holes are of this type. Since algebraic classifications for the Weyl tensor are now available in any dimension [30, 31, 32, 33] , the results of this section paves the way for performing an analogous investigation in manifolds with more than 4 dimensions.
In what follows let us assume that Y is a conformal Killing-Yano tensor of order p, meaning that it obeys to Eq. (1). Before proceeding to find the integrability conditions, it is helpful to set few definitions. In order to avoid too many indices, we shall define capital indices to be a set of (p − 2) indices as follows:
Using these collective indices, the Ricci identity will be written as:
where the last term in the above identity amounts to the following expression
Where in the latter sum, the notationě i means that the index e i is absent. Now, let us denote the covariant derivative of the tensor h in Eq. (1) by
Moreover, using this skew-symmetry and (3) one can see that h ′ is totally trace-less:
Where in the latter equality it was used the fact that the Ricci tensor is symmetric as well as the Bianchi identity. It is also useful to define the following tensor:
Since h ′ is trace-less, so is the tensor S. Particularly, note that S vanishes if, and only if, h is a Killing-Yano tensor of order (p − 1). With these definitions we are ready to move on and find the wanted integrability conditions. Differentiating Eq. (1) and then making a permutation on the indices, we easily find the following relations:
Now, summing these three equations and using the Ricci identity (6), as well as the Bianchi identity, lead to the following relation:
(9)
We can make the above equation more explicit by means of the following algebraic identity
Using the latter expansion into (9) lead us to the following expression for the second derivative of the conformal Killing-Yano tensor Y :
Where it is worth recalling that the simplifying notation (7) was used. Now, using (2) we can find the following expression:
Then, if we use Eq. (10) and its copies with the indices bcd permuted to rewrite the left hand side of (11), we end up with Now, equating the right hand sides of Eqs. (10) and (12) we find, after some algebra, the following relation: Where the tensor S used above was defined in (8) . Equation (13) is not the integrability condition yet, since S is defined in terms of the second derivative of Y . However, contracting (13) with g ab , one can find an expression for S depending just on the Riemann tensor and Y , without derivatives. The final result is:
where R a b ≡ R ca cb stands for the Ricci tensor. Inserting this relation into (13) we finally arrive at the integrability condition for Y to be a conformal Killing-Yano tensor of order p. Note that such integrability condition amounts to an algebraic constraint for the Riemann tensor. Although the right hand side of (14) diverges when n = p, it is not necessary to worry about this case since every non-zero n-form is a conformal Killing-Yano tensor. Therefore, the existence of a conformal Killing-Yano tensor of order p = n represents no constraint. Expanding the Riemann tensor in terms of the Weyl tensor, the Ricci tensor and the Ricci scalar, we can put Eq. (14) in the following form:
with C ab cd standing for the Weyl tensor. Now, let us explore some specific cases of the above development. First, note the case p = 1, in which Y is a conformal Killing vector, is not included in the calculations performed in this section. However, in this case Y does not represent a hidden symmetry. Anyhow, the integrability conditions for the existence of a closed conformal Killing vector can be found in [16] . Thus, in what follows let us assume that p ≥ 2.
Invariance Under Conformal Transformations
It turns out that the equation satisfied by a conformal Killing-Yano tensor, Eq. (1)
where Ω is any non-vanishing function. Therefore, we should expect the integrability condition for the existence of a conformal Killing-Yano tensor to be invariant under conformal transformations. Thus, since the conformally invariant part of the Riemann tensor is the Weyl tensor, it is reasonable that such integrability condition could be expressed just in terms of the Weyl tensor and the conformal Killing-Yano tensor. Indeed, expanding the Riemann tensor in (13) in terms of the Weyl tensor, the Ricci tensor, and the Ricci scalar and inserting (15) into (13), one can prove that the terms containing the Ricci tensor and the Ricci scalar are canceled out, so that we are left with an integrability condition involving just the Weyl tensor. More explicitly, the integrability condition (13) is equivalent to the following analogous equation: 
The Case p = 2
Let us study the case p = 2. Since in this circumstance Y has just two indices, in the above expressions we shall ignore the terms such that the indices e i appear in the Riemann tensor or in the metric. So, just the free indices a, b, c and d should be present. Doing this, the Eqs. (12), (13) and (14) become respectively:
These equations are in perfect agreement with the ones proved by Tachibana in [15] . As explained in Sec. 3.1, such integrability condition is equivalent to:
Now, let us prove that in 4-dimensional Lorentzian manifolds the integrability condition (19) implies that the Petrov type of the Weyl tensor must be D, N or O. For this aim it is useful to use spinorial language [34] . Note that Eq. (19) can be written as
The interesting thing about the tensor G is that it has the same algebraic symmetries of the Weyl tensor:
Therefore, its spinorial representation must have four totally symmetric indices, Γ αβρσ = Γ (αβρσ) . Since G is a contraction of the Weyl tensor with Y , by lack of other possibilities, we must have
Where the Greek indices are spinorial indices running from one to two, Ψ αβρσ = Ψ (αβρσ) is the spinorial representation of the Weyl tensor and Υ αβ = Υ (αβ) is the spinorial equivalent of the real bivector Y ab . Thus, the integrability condition for the existence of a conformal Killing-Yano tensor is
In a 4-dimensional spacetime, a non-zero real bivector can have just two algebraic types, it can either be null or non-null. In the former case its spinorial representation in a suitable frame is Υ αβ = o α o β . Inserting this into (20) we are led to the conclusion that o α Ψ αβρσ = 0, which implies that either the Weyl tensor vanishes or its Petrov type is N, with o αōα being the repeated principal null direction. In the case of the bivector being non-null we have that Υ αβ ∝ o (α ι β) , where ι α o α = 1. Inserting this expression for Υ αβ into (20) [6, 7] for Killing-Yano tensors. For a review about the Petrov classification see [35] .
The Case p = 3
Since the cases p = 1 and p = 2 were treated before in the literature, the case p = 3 is the first relevant case in this article. Therefore, it is worth making the previous equations explicit in this particular case. Assuming p = 3 in Eqs. (12) , (13) and (14), we find the following equations respectively.
Killing-Yano Tensors
A Killing-Yano tensor is a conformal Killing-Yano tensor whose divergence vanishes. So, according to (3) , Y is a Killing-Yano if, and only if, h vanishes identically. Thus, in order to obtain the integrability condition for a Killing-Yano tensor of order p we just need to plug h = 0 in the previous equations. In particular, this means that h ′ and S are both zero. So, Eqs. (13) and (15) yield the following integrability conditions for a Killing-Yano tensor A of order p ≥ 2:
In addition, Eq. (12) implies that the second derivative of a Killing-Yano tensor is
Closed Conformal Killing-Yano Tensors
As explained in Sec. 2.2, another special class of conformal Killing-Yano tensors is formed by the closed conformal Killing-Yano tensors. These are skew-symmetric tensors H that obey to the following equation:
Then, taking the covariant derivative of this equation we find:
Using the above equation along with the Ricci identity (6) lead to the following relation:
Finally, contracting (25) with g ac yield
Inserting (26) into (25) lead to the integrability condition for a closed conformal Killing-Yano tensor of order p. So, the integrability condition is much simpler in the closed case. Taking the symmetric part of (26) in the indices bd we easily see that the expression for S is the same as in the general case, see (8) and (14) . Another (equivalent) way of analysing the integrability conditions for the existence of a closed conformal Killing-Yano tensor is to use the fact that its Hodge dual is a Killing-Yano tensor along with the results of Sec. 3.4.
Constructing Killing-Yano Tensors in Einstein Spaces
An Einstein space is a manifold such that the Ricci tensor is proportional to the metric, R ab = Λg ab . Because of the contracted Bianchi identity, it follows that Λ is necessarily constant. Physically, these spaces represent solutions of Einstein's vacuum equation with a cosmological constant. It turns out that, in an Einstein space, given a conformal Killing-Yano tensor of order p = 2 one can construct a Killing vector. Indeed, using (18) we see that if Y is a conformal Killing-Yano tensor of order two in an Einstein space then
Since S was defined in Eq. (8) by S ab = ∇ a h b + ∇ b h a when p = 2, it follows from the above equation that h a is Killing vector field. Where it was assumed that h a = 0, which means that Y is not a Killing-Yano tensor. This fact was first proved in [15] and it was of fundamental importance for the construction of the tower of symmetries in the Kerr-NUT-(A)dS spacetimes of arbitrary dimension [9] . Since a Killing vector is a Killing-Yano tensor of order p = 1, in the preceding paragraph we showed that, in an Einstein space, the divergence of a conformal Killing-Yano tensor of order two is a Killing-Yano tensor of order one. So, a natural question to be posed is the following: If Y a 1 a 2 ···ap is a conformal Killing-Yano tensor of order p > 2 in an Einstein space then is h a 2 ···ap , defined in (3), a Killing-Yano tensor of order (p − 1)? The answer is generally no, since equations (8) and (15) imply that in an Einstein space we have
Therefore, h is a Killing-Yano tensor if, and only if,
where we shall assume that Y is not a Killing-Yano tensor, h = 0. Equation (27) represents an algebraic constraint for the Weyl tensor. Therefore, differently from the case p = 2, when p ≥ 3 the divergence of a conformal Killing-Yano tensor in an Einstein space is a Killing-Yano tensor just in manifolds with algebraically special Weyl tensors. Thus, it would be valuable to investigate what Eq. (27) implies in terms of the algebraic classifications of Refs. [30, 31, 32, 33] . As an example, let us work out these implications for the case p = 3 in 4-dimensional spacetimes.
The Case p = 3 in 4 Dimensions
Let Y abc be a conformal Killing-Yano tensor with non-vanishing divergence in an Einstein space. Then, according to (27) , the skew-symmetric tensor
is a Killing-Yano tensor if, and only if,
It is simple matter to prove that the latter condition is tantamount to
Interestingly, the term on the right hand side of (28) is just the action of the Weyl operator on the 3-form Y abc , see Ref. [31] . Therefore, it is reasonable to expect that the algebraic classification defined in [31] plays an important role in the analysis of condition (28) . For instance, it was proved in [31] that in 4 dimensions the action of the Weyl operator in 3-forms gives zero. Therefore, in this particular case Eq. (28) implies that
Instead of analysing condition (29) in terms of Y , it is fruitful to use its Hodge dual. Defining ξ by Y bcd = ξ a ǫ abcd , it follows that (29) is equivalent to:
In particular, contracting the indices a and e in (30) , lead to ξ a C abcd = 0. It turns out that in Lorentzian 4-dimensional manifolds the latter condition implies that (30) holds and that either the Weyl tensor vanishes or its Petrov type is N with ξ being the repeated principal null direction. Therefore, we have just proved that if Y is a conformal Killing-Yano tensor of order three in a 4-dimensional Einstein manifold with Lorentzian signature and non-vanishing Weyl tensor, then its divergence is a Killing-Yano tensor of order two if, and only if, the Weyl tensor is type N with the Hodge dual of Y being the repeated principal null direction.
Maximally Symmetric Spaces
In this section we shall prove interesting results concerning conformal Killing-Yano tensors in maximally symmetric spaces. These results are generalizations of the ones obtained in [15] for the particular case p = 2. A manifold of dimension n is called a maximally symmetric space when it admits the maximum number of isometries, which means that it has 1 2 n(n + 1) independent Killing vector fields. For instance, the de Sitter and Anti-de Sitter spacetimes are maximally symmetric manifolds of Lorentzian signature. The Riemann tensor of a maximally symmetric space is given by
where λ is some constant scalar. Equivalently, a maximally symmetric manifold is characterized as being an Einstein space that is conformally flat,
Since the case λ = 0 represents the trivial flat space, in what follows it is assumed that λ = 0. Now, let A be a Killing-Yano tensor of order p in a maximally symmetric space. Then, inserting (31) into (23), after some algebra we find that:
Thus, comparing with (24), we conclude that ∇ b A cdE is a closed conformal Killing-Yano tensor of order (p + 1). So we have just proved the following result: 
Since the Hodge dual of a closed conformal Killing-Yano tensor is a Killing-Yano tensor, it follows that ⋆H is a Killing-Yano tensor of order (n−p−1). Thus, in a maximally symmetric space one can use a Killing-Yano tensor to generate another Killing-Yano tensor. Then, one could, in principle, follow the same procedure and use the new Killing-Yano tensor of order (n − p − 1) to generate one more Killing-Yano tensor of order p, but it turns out that this third Killing-Yano tensor is, apart from a multiplicative constant, just the tensor A, which represents no new symmetry. Now, let Y be any conformal Killing-Yano tensor of order p, meaning that
holds. Then, thanks to (32) , (8) and (15), we conclude that h b 2 ···bp is a Killing-Yano tensor of order (p − 1). So, by means of Theorem 1, it is possible to construct the following closed conformal Killing-Yano tensor of order p:
Since now the initial Killing-Yano tensor h has order (p − 1), Theorem 1 states that the tensor H defined in (34) obeys to the following equation:
Then, using (33) and ( Then, equating both equations we find that
But, the left hand side of (36) is a Killing-Yano tensor, while the right hand side is a closed conformal Killing-Yano tensor. If a tensor is simultaneously a Killing-Yano tensor and a closed conformal Killing-Yano tensor then it is covariantly constant. Therefore, we conclude that (A − A) and (H − H) are both covariantly constant. But, as we shall prove, it turns out that, besides the zero tensor, an n-dimensional maximally symmetric space with λ = 0 admits no covariantly constant skew-symmetric tensor of rank p < n. Indeed, let F a 1 ···ap = F [a 1 ···ap] be an anti-symmetric covariantly constant tensor, ∇ a F b 1 ···bp = 0 .
Then, using the Ricci identity we have that So, if p = n and λ = 0, the covariantly constant skew-symmetric tensor F must be the zero tensor. In particular, if the order of Y is less than n, we have that (A − A) = 0 and (H − H) = 0, proving the following result.
Theorem 3
In a non-flat maximally symmetric space of dimension n, the decomposition of a conformal Killing-Yano tensor of order p < n as the sum of a Killing-Yano tensor and a closed conformal Killing-Yano tensor is unique. Moreover, this manifold admits no covariantly constant skew-symmetric tensor of rank p < n.
